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1. Introduction
Let r be a prime and suppose the r-group R acts as a group of automorphisms on the r′-group G .
We continue the study, began in [3], of the RCG(R)-invariant subgroups of G and how they inﬂuence
the structure of G . Known results on soluble groups are extended to arbitrary ﬁnite groups. [4] is
applied to overcome the considerable diﬃculties that arise when r is a Fermat prime. We close with
an application to the study of the automorphism group of a simple group.
Deﬁnition. Suppose the group A acts on the group G . An A-signalizer of G is an A-invariant sub-
group of G . If π is a prime or a set of primes then an (A,π)-signalizer of G is an A-invariant
π -subgroup of G .
Note that we regard subgroups of G as acting on G by conjugation. Moreover if the group A acts
on the group G , we often work in the semidirect product AG . Throughout this paper, r is a prime and
G is a ﬁnite group.
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Theorems A and B are an extension of these results to arbitrary G . The exceptional conﬁgurations
described when r is a Fermat prime do occur.
Before stating the theorems, we need some notation. If π is a set of primes then for any nilpotent
group F we let Fπ denote Oπ (F ) and for any group G we let Fπ (G) denote Oπ (F (G)). If p is a
prime then Sylp(G; R) is the set of R-invariant Sylow p-subgroups of G . This set is non-empty by
[7, (8.2.3), p. 185].
Theorem A. Suppose R ∼= Zr acts on the r′-group G. Let D be an RCG(R)-signalizer of G with D = [D, R].
Suppose that F is a nilpotent RD-signalizer of G with D ∩ F  Z (D). Then either:
(a) the action of D on F is nilpotent, or
(b) (i) r is a Fermat prime,
(ii) the action of O 2(D) on F is nilpotent, and
(iii) if Q ∈ Syl2(D; R) then Q ′ acts nontrivially on F2′ .
Remark. If D and F have coprime orders then the hypothesis D ∩ F  Z (D) is superﬂuous and the
conclusion that the action of D on F is nilpotent implies D acts trivially on F .
Theorem B. Suppose R ∼= Zr acts on the r′-group G. Assume [E(G), R] = 1 and set π = π([F (G), R]). Sup-
pose that D is an RCG(R)-signalizer of G with D = [D, R] and D ∩ Fπ (G) Z (D). Then either:
(a) D is a π -group and DF (G) is nilpotent, or
(b) (i) r is a Fermat prime, and
(ii) O 2(D) is a π -group and O 2(D)F (G) is nilpotent.
Moreover, if Q ∈ Syl2(D; R) then
(iii) Q ′ acts nontrivially on O 2′(Fπ (G)) and
(iv) if 2 /∈ π then R acts trivially on every abelian R-signalizer of Q and Q has nilpotency class 2.
Next we shift attention to components and the generalized Fitting subgroup. Good references
are [1,7].
Deﬁnition. Suppose R acts on G . An R-local-component of G is a subgroup K of G such that K is a
component of 〈K ,RCG(R)〉.
Remark.
(a) We do not require that K be R-invariant.
(b) The following are equivalent:
• K is an R-local-component of G .
• K is quasisimple and commutes with its RCG(R)-conjugates.
• K is a component of an RCG(R)-signalizer of G .
Theorem C. Suppose R ∼= Zr acts on the r′-group G. Let K be an R-local-component of G. Then at least one of
the following holds:
(a) K is a component of CG(R).
(b) K is a component of G.
(c) K is contained in an R-invariant component of G.
Corollary D. Suppose R ∼= Zr acts on the r′-group G. Let H be an RCG(R)-signalizer of G with H = [H, R].
Then E(H) E(G).
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other simple group. We could invoke the Schreier Conjecture, but this requires the Classiﬁcation of
Finite Simple Groups. Instead we present an argument based on an interesting result of Dade [2].
Suppose the r-group R acts on the r′-group G . Let p be a prime. In [3] we deﬁned the subgroups
O p(G; R) to be
• the intersection of all R-invariant Sylow p-subgroups of G , or equivalently
• the subgroup generated by all (RCG(R), p)-signalizers of G .
The equivalence follows from the fact that CG(R) is transitive on Sylp(G; R). See [7, (8.2.4), p. 185].
In [3] we considered groups G satisfying CG (O p(G)) O p(G) and proved an analogue of Glauber-
man’s ZJ-Theorem with O p(G; R) taking the place of a Sylow p-subgroup. In inductive situations, it
turns out that a slightly less restrictive hypothesis is more appropriate, namely
[
CG
(
O p(G)
)
, R
]
 O p(G) or equivalently
[
O p
(
F ∗(G)
)
, R
] = 1.
Recall that F ∗(G) = O p(G)O p(F ∗(G)).
The following is a slight extension of the main result of [3]. Note that if P 	= 1 is a p-subgroup
then the subgroup K∞(P ), deﬁned by Glauberman [5], is a nontrivial characteristic subgroup of P .
Theorem E. Suppose the r-group R acts on the r′-group G, let p > 3 be a prime and set P = O p(G; R).
Suppose also that [O p(F ∗(G)), R] = 1. Then
K∞(P ) G.
Deﬁnition.
Lp(G; R) =
{
NG(P )
∣∣ P 	= 1 is an (RCG(R), p
)
-signalizer of G
}
.
Corollary F. Suppose the r-group R acts on the r′-group G, let p > 3 be a prime and suppose that
[O p(F ∗(L)), R] = 1 for all L ∈ Lp(G; R). Then either Lp(G; R) possesses a unique maximal member or
Lp(G; R) = ∅.
Corollary F is an analogue of a well-known result on the p-local structure of groups of charac-
teristic p. What is remarkable is that no additional hypothesis on the non-involvement of SL2(p) is
required.
It is a consequence of the Classiﬁcation of Finite Simple Groups and a theorem of Steinberg that
if G is a simple r′-group then the Sylow r-subgroups of Aut(G) are cyclic. It is desirable to have an
independent proof of this fact. We are able to prove a special case, extending progress made in [3].
Theorem G. Suppose the noncyclic abelian r-group R acts on the r′-group G, let p > 3 be a prime and suppose
that
[
O p
(
F ∗
(
CG(α)
))
, R
] = 1
for all α ∈ R# . Then [O p(F ∗(G)), R] = 1.
Corollary H. Suppose the r-group R acts faithfully on the simple r′-group G, let p > 3 be a prime and suppose
that
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O p
(
F ∗
(
CG(α)
))
, R
] = 1
for all α ∈ R# . Then R is cyclic, or r = 2 and R is quaternion.
2. Nilpotent action
Deﬁnition. Suppose the group D acts on the nilpotent group F . We say the action of D on F is
nilpotent if any of the following equivalent conditions are satisﬁed:
• [F , D, D, . . . , D︸ ︷︷ ︸
k
] = 1 for some k.
• D acts trivially on each factor of some D-chief series for F .
• DF/CD(F ) is nilpotent.
• For each prime p, O p(D) acts trivially on O p(F ).
If π is a set of primes then for any nilpotent group N , Nπ = Oπ (N) and for any group G , Fπ (G) =
Oπ (F (G)) and Zπ (G) = Oπ (Z (G)).
Theorem 2.1. (See [4].) Suppose that
• R is a group of prime order r that acts on the r′-group G.
• V is a faithful irreducible RG-module over a ﬁeld of characteristic p.
• CV (R) = 0.
Then either [G, R] = 1 or r is a Fermat prime and [G, R] is a nonabelian special 2-group.
Lemma 2.2. (See [1, 24.7].) Suppose the r-group R acts on the p-group G, p 	= r. Suppose also that R centralizes
every characteristic abelian subgroup of G and that G = [G, R] 	= 1. Then G is a nonabelian special group and
Z (G) = CG(R).
Proof of Theorem A. If D acts trivially on every RD-chief factor of F then (a) holds. Hence we may
assume that V /U is an RD-chief factor of F on which D acts nontrivially. Set H = DV and H = H/U .
We regard V as an irreducible RD-module. Now D ∩ V = D ∩ V  Z (D) ∩ V = 1 and [CV (R), D] 
V ∩ D = 1, so either CV (R) = V or CV (R) = 1. Since D = [D, R] and since D is nontrivial on V it
follows that R is nontrivial on V . Hence CV (R) = 1. Theorem 2.1 implies that r is a Fermat prime and
that D induces a nonabelian 2-group on V . Then (b) holds. 
Proof of Theorem B. Set F = F (G). We have F ∗(G) = E(G) ∗ (Fπ × Fπ ′ ). Now [E(G)Fπ ′ , R] = 1 and
D = [D, R] so [E(G)Fπ ′ , D] = 1. Since D ∩ Fπ  Z (D) it follows that D ∩ F  Z (D). Now CG(F ∗(G)) =
Z (F ) so CD(Fπ ) = CD(F ) = D ∩ Z (F ) = Z (D) ∩ Z (F ) Z (DF ).
Suppose the action of D on Fπ is nilpotent. Since [Fπ ′ , D] = 1 it follows that DF/CD(F ) is nilpo-
tent. Now CD(F )  Z (DF ) so DF is nilpotent. In particular, D is nilpotent. Now Dπ ′  CD(Fπ ) =
D ∩ Z (F ) so Dπ ′  Fπ ′ and then [Dπ ′ , R] = 1. As D = Dπ × Dπ ′ = [D, R] we deduce that D = Dπ .
Then D is a π -group and (a) holds.
Suppose the action of D on Fπ is not nilpotent. Applying Theorem A with Fπ in the role of F , it
follows that r is a Fermat prime, so (b)(i) holds, and that the action of O 2(D) on Fπ is nilpotent. As
in the previous paragraph, O 2(D)F is nilpotent.
We claim that O 2(D) is a π -group. Note that O 2(D) is a 2′-group because O 2(D) is nilpotent
and O 2(D) = O 2(O 2(D)). Choose p ∈ π ′ with p 	= 2 and set P = O p(O 2(D)) ∈ Sylp(D). Now O 2(D)F
is nilpotent so P  CD(Fπ ) = Z (D) ∩ Z (F ). Since [Fπ ′ , R] = 1 we have [P , R] = 1. Also as P  Z (D)
and P ∈ Sylp(D), the Schur–Zassenhaus Theorem implies that D = P × O p′ (D). As D = [D, R] we have
P = 1. It follows that O 2(D) is a π -group, so (b)(ii) holds.
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To prove (b)(iv), suppose that 2 /∈ π . Let A be an abelian R-signalizer of Q and set B = [A, R] and
H = BFπ . Then [B,CFπ (R)] D ∩ Fπ  Zπ (D), hence CFπ (R) normalizes the abelian group B Zπ (D).
Now 2 /∈ π so CFπ (R) normalizes B and then [B,CFπ (R)]  B ∩ Zπ (D) = 1. It follows that B is an
RCH (R)-signalizer of H . Now B = [B, R] and B is abelian so B acts trivially on Fπ , since otherwise
(b)(iii) would be violated with H in the role of G and B in the role of D . Then B  CD(Fπ )  Z (F )
so B  Fπ ′ and [B, R] = 1. Since [A, R] = [A, R, R] we have B = [B, R] = 1. We have shown that R
centralizes every abelian R-signalizer of Q .
Now D = [D, R] = Q O 2(D) and O 2(D) is a 2′-group. Then Q = [Q , R]. Moreover, Q 	= 1 by (b)(iii).
Lemma 2.2 implies that Q has nilpotency class 2. The proof is complete. 
3. Components
Theorem 3.1. (See Dade [2].) Suppose H  G and that G = CG(P )H whenever P is a Sylow subgroup of H.
Then G/CG (H)H is soluble.
Lemma 3.2. Let r be a prime and G = K1 × · · · × Kr where K1, . . . , Kr are isomorphic nonabelian sim-
ple groups. Suppose R ∼= Zr acts on G and permutes {K1, . . . , Kr} transitively. Then CG(R) is a maximal
R-invariant subgroup of G.
Proof. This is well known and is left as an exercise for the reader. 
Lemma 3.3. Suppose R ∼= Zr acts on the r′-group G and that RG acts on the p-group P . Suppose also that
G = [G, R] and that CP (R) = 1. Then G induces a {2, p}-group on P .
Proof. By Theorem 2.1, G acts trivially or induces a 2-group on any RG-chief factor of P . Any sub-
group of G that acts trivially on each RG-chief factor of P induces a p-group on P . The result
follows. 
Proof of Theorem C. Assume false and let G be a minimal counterexample.
Claim 1.
(a) [K , R] 	= 1.
(b) If N is an R-invariant normal subgroup of G with K  N then N = G.
(c) Z (G) = 1.
Proof. (a) Because otherwise conclusion (a) of Theorem C would hold.
(b) By the minimality of G and because comp(N) ⊆ comp(G).
(c) Because if L is the inverse image of a component of G/Z (G) then L′ is a component of G . 
Let
E = 〈K R 〉.
Now K is a component of 〈K ,RCG(R)〉 so either E = K or E is the central product of r conjugates of
K cycled by R . In either case, since [K , R] 	= 1, we have
E = [E, R].
Let H be a minimal R-invariant normal subgroup of G .
1988 P. Flavell / Journal of Algebra 323 (2010) 1983–1992Claim 2.
(a) If L is an RE-signalizer of H and EL 	= G then [E, L] = 1.
(b) G = EH and E ∩ H  Z (E).
(c) [CH (R), E] = 1.
(d) F (G) = 1.
Proof. Suppose that E  H . Claim 1 implies H = G . Then either G is simple or G is the direct product
of nonabelian simple groups permuted transitively by R . In the ﬁrst case conclusion (c) of Theorem C
holds. In the second case, Lemma 3.2 implies that CG(R) is a maximal R-invariant subgroup of G .
As [K , R] 	= 1 we see that K is a component of 〈K ,RCG(R)〉 = RG . Then conclusion (b) of Theorem C
holds. Both cases contradict the minimality of G . Thus E  H .
(a) By the minimality of G , there is a component K ∗ of EL with K  K ∗ . Now K ∗  L because
E  H . Also, L EL so a standard property of components implies [K ∗, L] = 1, hence [E, L] = 1.
(b) Suppose G 	= EH . By (a), K  CG (H). By Claim 1(b), G = CG(H) and then Claim 1(c) supplies a
contradiction. Thus G = EH . Note that E  H and E ∩ H  RE . Since each proper R-invariant normal
subgroup of E is contained in Z (E), we have E ∩ H  Z (E).
(c) Now K is a component of 〈K ,CG(R)〉 and 〈K ,CG(R)〉 ∩ H is a normal subgroup of 〈K ,CG(R)〉
that does not contain K . Then K commutes with 〈K ,CG(R)〉 ∩ H , so [CH (R), K ] = 1.
(d) Suppose that F (G) 	= 1. Then we may choose H with H  F (G). The minimal choice of H
and (b) imply that H is elementary abelian and RE acts irreducibly on H . By (c), CH (R) Z (G) = 1.
Theorem 2.1 implies that [E, R] induces a 2-group on H . Since E = [E, R] and E is perfect we have
[E, H] = 1. Then K  E  EH = G so K is a component of G . This contradicts the minimality of G ,
hence F (G) = 1. 
Let
M = CH (E).
Then CH (R) M by Claim 2(c).
Claim 3. Let p ∈ π(H) and P ∈ Sylp(H). Then G = CG (P )H.
Proof. We may assume that P is R-invariant and that P ∩ M ∈ Sylp(M). Suppose that P ∩ M 	= 1.
Claim 2(a,d) imply NH (P ∩ M) M . This forces P  M so [E, P ] = 1 and we are done. Hence we may
assume that P ∩ M = 1. In particular, CP (R) = 1.
Let N = [NG(P ), R]. By the Frattini Argument, G = NG(P )H . Also G/H = [G/H, R] because G = EH
and E = [E, R]. It follows that G = NH . Also, N/H ∩ N ∼= G/H ∼= E/E ∩ H so N/H ∩ N is perfect. Now
N = [N, R] and CP (R) = 1 so Lemma 3.3 implies that N induces a {2, p}-group on P . We deduce that
N = CN (P )(H ∩ N) and then that G = CG(P )H . The claim is established. 
Dade’s Theorem and Claim 2(b) imply that G/CG (H)H is both soluble and perfect. Also Z (G) = 1
so
G = CG(H) × H .
In particular,
E  CG(M) = CG(H) × CH (M).
Suppose that CG(M) = G . Now Z (G) = 1 so M = 1 and then CH (R)  M = 1. Thompson’s Thesis
implies that H is nilpotent, contrary to F (G) = 1. We deduce that CG(M) 	= G . Thus G 	= CH (M)E .
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E  CG(M) = CG(H) × Z (M).
Recall that E is the central product of 1 or r copies of K . Hence E is perfect and E  CG(H). Now
G = EH by Claim 2(b) so G = E × H and K is a component of G . This contradiction completes the
proof of Theorem C. 
Proof of Corollary D. Let K ∈ comp(H) and set E = 〈K RH 〉. If [E, R] = 1 then as H = [H, R] we obtain
E  Z (H), contrary to the fact that K is perfect. Thus [Kh, R] 	= 1 for some h ∈ RH . Theorem C implies
that Kh is contained in a component of G , so Kh  E(G) and then K  E(G). 
4. A characteristic subgroup
Lemma 4.1. Suppose the r-group R acts on the r′-group G. Let p be a prime and H an RCG(R)-signalizer of G.
Then O p(H; R) = H ∩ O p(G; R).
Proof. Since CG (R) normalizes H it permutes Sylp(G; R), whence O p(H; R) is an (RCG(R), p)-
signalizer of G . Thus O p(H; R) O p(G; R). Also H ∩ O p(G; R) O p(H; R). Hence the result. 
Proof of Theorem E. Let K = P [G, R]. Since K is an RCG(R)-signalizer of G , Lemma 4.1 implies P =
O p(K ; R). Let Z = O p(F ∗(K )). Then Z = O p(F ∗([G, R])) G . Also Z  O p(F ∗(G)) so [Z , R] = 1. Then
[Z , [G, R]] = 1 whence Z = Zp′ ([G, R]). Since P is CG(R)-invariant we have [P , Z ] P ∩ Z = 1. Hence
Z = Zp′ (K ).
Let K = K/Z . Then F ∗(K ) = F ∗(K ). As Z = O p(F ∗(K )) it follows that F ∗(K ) = O p(K ). Also
P = O p(K ; R) because Z  Z (K ). By [3, Theorem A], K∞(P )  K . Now Z = Zp′ (K ) so P maps
isomorphically onto P . Then K∞(P ) = K∞(P ) so K∞(P )Z  K and then K∞(P )  K . Now G =
CG(R)[G, R] = CG(R)K . Since CG(R) normalizes P we have K∞(P ) G . 
Proof of Corollary F. Let P = O p(G; R) and suppose L is a maximal member of Lp(G; R). Set Q =
O p(L; R). By Lemma 4.1, Q = P ∩ L. Theorem E implies 1 	= K∞(Q ) L so as L is a maximal member
of Lp(G; R) we have L = NG(K∞(Q )). Then NP (Q ) P ∩ L = Q so P = Q and L = NG(K∞(P )). Thus
NG(K∞(P )) is the unique maximal member of Lp(G; R). 
5. Automorphisms of simple groups
Lemma 5.1. Suppose the r-group R acts on the r′-group G.
(a) If KG and R acts trivially on both K and CG(K ) then R acts trivially on G.
(b) If R acts trivially on F ∗(G) then R acts trivially on G.
Proof. (a) Since KG we have K = G or 〈KG 〉 	= G . In the former case, there is nothing to prove,
so let L = 〈KG〉 G and suppose L 	= G . Now L is R-invariant because K is. By induction, [L, R] = 1.
Consequently [G, R] CG(L) CG(K ) so [G, R, R] = 1. Then [7, (8.2.7), p. 187] implies [G, R] = 1.
(b) Recall that CG(F ∗(G)) F ∗(G) and apply (a). 
Lemma 5.2. (See [7, (8.3.4)(c), p. 193].) Suppose the noncyclic abelian r-group R acts on the t-group T , where
t 	= r. Then
[T , R] = 〈[CT (α), R
] ∣∣ α ∈ R#〉.
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and R1 are subsets of R# with R# = R0 ∪ R1 . Set Si = 〈CS (α) | α ∈ Ri〉. Then S = S0S1 .
Proof. See [6, Theorem 5.3.16, p. 188]. 
Lemma 5.4. Suppose the noncyclic abelian r-group R acts on the r′-group H, that M is an R-signalizer of H
with CH (R) M and that q is a prime. Set Q = [Oq(H; R), R] and suppose for all α ∈ R# that
CH (α) M or
[
CH (α), R
]
 Q .
Then H = MQ .
Proof. Let t ∈ π(H) − {q} and choose T ∈ Sylt(H; R). Now T = CT (R)[T , R], CT (R)  M and by
Lemma 5.2, [T , R] = 〈[CT (α), R] | α ∈ R#〉. Since t 	= q, T  M . It follows that |H : M| is a power of
q. Choose S ∈ Sylq(H; R). Then H = MS .
Set R0 = {α ∈ R# | CH (α)  M} and R1 = {α ∈ R# | [CH (α), R]  Q }. Observe that CH (R)Q is a
subgroup because CH (R) normalizes Q . If α ∈ R1 then by [7, (8.2.7), p. 187] we have CH (α) =
CH (R)[CH (α), R]  CH (R)Q . For each i set Si = 〈CS (α) | α ∈ Ri〉. Then S0  M and S1  CH (R)Q .
By Lemma 5.3, S = S0S1 so H = MS0S1 = MS1 = MCH (R)Q . As CH (R) M we have H = MQ . 
Proof of Theorem G. Assume false and let G be a minimal counterexample. Without loss, R ∼= Zr ×Zr .
Claim 1. O p(G) = 1.
Proof. Let K = O p(F ∗(G)) and suppose that K 	= G . For each α ∈ R# we have F ∗(CK (α)) F ∗(CG (α))
so the minimality of G forces [O p(F ∗(K )), R] = 1. But K = O p(F ∗(G)) = O p(F ∗(K )) so Theorem G
holds, a contradiction. We deduce that G = O p(F ∗(G)). In particular, O p(G) Z (G).
Let G = G/O p(G). Since O p(G)  Z (G) it follows that F ∗(G) = F ∗(G) and that F ∗(CG (α)) =
F ∗(CG(α)) for all α ∈ R#. Now apply the minimality of G . 
Claim 2. G = 〈Lp(G; R)〉. In particular, Lp(G; R) is nonempty and does not possess a unique maximal mem-
ber.
Proof. Now [G, R] 	= 1 and G = 〈CG (α) | α ∈ R#〉 so there exists β ∈ R# with [CG(β), R] 	= 1. By
Lemma 5.1, [F ∗(CG(β)), R] 	= 1. By hypothesis, [O p(F ∗(CG(β))), R] = 1 so O p(CG(β)) 	= 1. Note that
O p(CG(β)) is RCG(R)-invariant, hence CG(β) NG(O p(CG (β))) ∈Lp(G; R).
Let α ∈ R#. If O p(CG(α)) 	= 1 then as above, CG (α) is contained in a member of Lp(G; R). If
O p(CG(α)) = 1 then [CG(α), R] = 1 and CG(α)  CG(β). Again, CG(α) is contained in a member of
Lp(G; R). Then G = 〈Lp(G; R)〉. Now O p(G) = 1 so Lp(G; R) does not possess a unique maximal
member. 
Claim 3. Let q 	= p be a prime and suppose that Q is an (RCG(R),q)-signalizer of G. Then any of the following
imply [Q , R] = 1.
(a) q 	= 2 or r is not a Fermat prime.
(b) Q is abelian.
(c) Q ′  Oq(L) for some L ∈Lp(G; R).
Proof. By Lemma 5.2 we may suppose Q = [CQ (α), R] 	= 1 for some α ∈ R#. Set C = CG(α). Now
R ∼= Zr × Zr so R induces Zr on C . We apply Theorem B with C in the role of G and Q in the role
of D . Since [O p(F ∗(C)), R] = 1 we have [E(C), R] = 1 and π = {p}.
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Also, O 2(Q ) is both a π -group and a q-group. This forces O 2(Q ) = 1 so Q is a 2-group and q = 2.
In particular, 2 /∈ π . Theorem B(b)(iii),(iv) imply [O p(C), Q ′] 	= 1 and Q has nilpotency class 2. This
proves (a) and (b).
To prove (c) choose L ∈ Lp(G; R) with Q ′  Oq(L). Set P = O p(G; R), so 1 	= O p(L) P . Now Q
has class 2 so Q ′  Z (Q ) and (b) implies [Q ′, R] = 1. Then Q ′ normalizes P . We have [O p(L), Q ′] =
1 because Q ′  Oq(L). Also [CP (O p(L)), Q ′] P ∩ Oq(L) = 1. Lemma 5.1(a) forces [P , Q ′] = 1. How-
ever O p(C)  P so [O p(C), Q ′] = 1. This contradicts the previous paragraph and completes the
proof. 
Corollary F and Claim 2 imply that [O p(F ∗(L)), R] 	= 1 for some L ∈ Lp(G; R). Choose such
an L with |O p(L)| maximal. By Claim 3(c) we have [F p′ (L), R] = 1, hence [E(L), R] 	= 1. Choose
K ∈ comp(L) with [K , R] 	= 1 and set
E = 〈KRCG (R)〉, H = CG(R)E and H = H/O p(H).
Note that E is a central product of conjugates of K and that any proper RCG(R)-invariant normal
subgroup of E is contained in Z (E).
Claim 4. [O p(F ∗(N)), R] = 1 for all N ∈Lp(H; R).
Proof. We have N = NH (P ) for some (RCG(R), p)-signalizer P of H with O p(H) < P . Now
[N, R]  [H, R]  E so [O p(F ∗(N)), R]NE (P ) whence [O p(F ∗(N)), R]  [O p(F ∗(NE(P ))), R].
Also E ∩ O p(H)  Z (E) so F ∗(NE (P )) = F ∗(NE(P )) and then O p(F ∗(NE (P ))) = O p(F ∗(NE (P ))) =
O p(F ∗(CE (P ))). Hence it suﬃces to prove [O p(F ∗(CE (P ))), R] = 1.
Now E  E(L) so [E, O p(L)] = 1. The deﬁnition of Lp(G; R) implies CG(O p(L)) L. Thus CE (P ) =
E ∩ CG(P O p(L))CG(P O p(L)) because EL and CG(P O p(L)) L. Hence
O p
(
F ∗
(
CE(P )
))
 O p
(
F ∗
(
CG
(
P O p(L)
)))
 O p
(
F ∗
(
NG(P O p(L))
))
.
As P ∩ O p(L)  O p(H) and P  O p(H) we have O p(L) < P O p(L). The choice of L implies
[O p(F ∗(NG(P O p(L)))), R] = 1 and we are done. 
If Lp(H; R) 	= ∅ then Corollary F implies that Lp(H; R) has a unique maximal member, which we
denote by M . If Lp(H; R) = ∅, put M = CG(R). Let M be the inverse image of M in H . Note that
M 	= H since O p(H) = 1 and [H, R] 	= 1.
Let Q = [O 2(H; R), R]. Since Q  E and O p(H) ∩ E  Z (E) it follows that
Q = [O 2(E; R), R
]
.
Let
R0 =
{
α ∈ R# ∣∣ CH (α) M
}
,
and
R1 =
{
α ∈ R# ∣∣ [CH (α), R
]
 Q
}
.
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R# = R0 ∪ R1.
Proof. Let α ∈ R#− R0 and D = [CH (α), R] E . Then D is an RCG(R)-signalizer of CG(α). We will ap-
ply Theorem B. Note that R induces Zr on CG (α) because R ∼= Zr ×Zr . Also, as [O p(F ∗(CG(α))), R] = 1
we have [E(CG(α)), R] = 1 and π([F (CG (α)), R]) ⊆ {p}.
Since D  M it follows that O p(D) = 1, whence O p(D)  O p(E)  Z (E) so O p(D)  Z (D) and
D ∩ O p(CG(α))  Z (D). Theorem B implies that O 2(D) is a p-group, so as O p(D)  Z (D) we have
D = O p(Z (D)) × O 2(D). Since D is an RCG(R)-signalizer we have O 2(D) Q , so D  Q and we are
done. 
Lemma 5.4 and Claim 5 imply H = MQ so
E = (E ∩ M)Q .
By Claim 3, R centralizes every abelian R-signalizer of Q so Lemma 2.2 implies Q ′  Z (Q ) =
CQ (R)  M . Then 〈Q ′E 〉 = 〈Q ′E∩M〉  M and 〈Q ′E 〉  E . Now E  M because M < H so 〈Q ′E 〉 is
a proper RCG(R)-invariant normal subgroup of E . Then Q ′  Z (E) F (L) so Q ′  O 2(L). Claim 3(c)
implies [Q , R] = 1 so Q  M and H = M . This contradiction completes the proof of Theorem G. 
Remark. It is left as an exercise for the reader to construct a more straightforward proof in the case
that r is not a Fermat prime.
Proof of Corollary H. Since G is simple, G = O p(F ∗(G)). Theorem G implies that every abelian sub-
group of R is cyclic. Apply [7, (5.3.8), p. 115]. 
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